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1. Introduction

Portfolio credit derivatives have attracted considerable attention over the last decade among insti-
tutional investors. The difficulty in the valuation of such financial derivatives is the modeling of the
default dependence among them. One of the most popular methods for modeling credit risk is the
reduced-form approach, in which the time of default of a firm is defined as the first jump time of a
point process.

There are two major types of reduced form models for describing default dependence, namely
bottom-up models and top-down models. In the former approach, one focuses on modeling default
intensities of individual reference entities and their aggregation to form a portfolio default intensity.
Some works on bottom-up models include Duffie and Gérleanu (2001), Jarrow and Yu (2001) and
Giesecke and Goldberg (2004). In the latter approach, one concerns modelling default at portfolio
level. A default intensity for the whole portfolio is modelled without reference to the constituent
names. Some procedures such as random thinning can be used to recover the default intensities of
the individual entities. Some works on top-down models include Brigo et al. (2010), and Ding et al.
(2009). We focus on bottom-up models.

There exist four major approaches to introduce default correlation within the reduced-form frame-
work: the conditionally independent approach, the copula approach, the default contagion models,
and the common shock models. In the conditionally independent default models, one may set the de-
fault intensities of the firms in the portfolio to be driven by a common set of macro-economic factors.
Therefore, conditional on the realization of the macro-economic state variables, the default times are
mutually independent; see, for example, Duffie and Géarleanu (2001) and Graziano and Rogers (2009).
In the copula models, the dependence structure is linked through a copula function; see, for example,
Schonbucher and Schubert (2001) and Hull and White (2004). Default contagion is another approach
to model the default correlation. The contagion models study the direct interaction of firms in which
the default probability of one firm may change upon defaults of some other firms in the portfolio; see,
for example, Davis and Lo (2001) and Dong et al. (2016). The common shock models are based on
the idea that a firm’s default is driven by exogenous events, for example, policy events, natural catas-
trophes events, etc. Therefore, simultaneous defaults may occur under the common shock models;



see, for example, Giesecke (2003), Brigo et al. (2010), and Bielecki et al. (2012). This paper focuses
on a conditionally independent approach.

The challenge in the valuation of portfolio credit derivatives using a conditionally independent
approach is to describe the modelling of the default intensity or hazard process in the single firm case.
Affine processes are usually used to model the default intensity, since they allow for explicit solutions
to many important quantities in derivative pricing. See for example, Duffie et al. (2003). However,
empirical studies point to the existence of different regimes in the default risk valuation, see, for
example, Davies (2004) and Alexander and Kaeck (2008). Credit derivatives are long term instruments
and thus it is very important to develop more appropriate models for valuation and risk management
of credit products, which can take into account changes of market regimes or environments due to the
crisis.

Markov regime-switching models have been widely used in different branches of modern financial
economics to capture changes in market regimes. For example, see Buffington and Elliott (2002), Shen
and Siu (2013), Elliott and Siu (2011) and others. Regime switches are often interpreted as structural
changes in macro-economic conditions and in different stages of business cycles. Intuitively, default
risk typically declines during economic expansion because strong earnings keep overall defaults rates
low. Default risk increases during economic recession because earnings deteriorate, making it more
difficult to repay loans or make bond payments. See for example, the U.S. subcrisis initially lead
to the bankruptcy of several major subprime mortgage lenders and the decrease in the firm values
and stock prices of some of the major lenders, including Countrywide Financial, Washington Mutual,
Citigroup, and others. Then this crisis quickly became a global crisis and had significant impact on
the values of credit derivatives not directly related to the mortgage financial institutions. Therefore,
the subcrisis is the disaster to the whole people and it is reasonable to assume that most companies
are more likely to default in the financial crisis. This motivates the quest for regime-switching models
for valuation and risk management of credit products, which can incorporate the change in regimes
of credit markets.

Recently, by an empirical analysis of the corporate bond market over the course of the last 150
years, Giesecke et al. (2011) point out that there exist three regimes, associated with high, middle,
and low default risk. They also study the relationship between the default risk and the financial and
macroeconomic variables by using the regime-switching model. However, they do not consider the
modelling of the default dependence within the regime-switching framework. Motivated by them, we
shall investigate a regime-switching model for correlated defaults and the pricing of the kth-to-default
basket swap. Instead of studying the determinants of corporate default risk within a regime-switching
framework in Giesecke et al. (2011), we directly model the hazard processes by some regime-switching
processes, which incorporate both macroeconomic risks and firm-specific jump risks, so that we can
derive some closed-form formulas for the portfolio credit derivatives.

Note that, within the reduced-form framework, Dong et al. (2014) consider a common shock model,
in which the default intensities are modelled by a multivariate regime-switching process. Dong et al.
(2016) investigate a default contagion model, where the default intensities are also described by some
regime-switching processes. However, in Dong et al. (2014) and Dong et al. (2016), only the model
parameters may switch whenever transitions in the Markov chain occur and therefore the hazard
processes are absolutely continuous. Intuitively, if a Markov chain jumps from a good economic state
to a bad economic state, this may cause the conditional default intensity to increase. This is because
macro-economic risks are usually structural in nature. In addition to a jump component caused by
exogenous factors, we consider a Markov regime-switching hazard process which can incorporate jumps
due to structural changes in economic conditions into the dynamics of hazard process.

In this paper, we use a conditionally independent default approach different from those in Dong et
al. (2014) and Dong et al. (2016), who adopt a common shock and a contagion model, respectively.
The hazard processes we consider are modelled by some regime-switching processes, which are not
absolutely continuous. The difference between our model and some existing regime-switching reduced-



form models (such as, Dong et al. (2014) and Dong et al. (2016) is that only the model parameters
can switch according to the Markov chain in the existing models, but in our hazard model, not only
the model parameters may switch but also the hazard process may jump whenever transitions in the
Markov chain occur. Therefore, in our proposed model, the jumps of the Markov chain may also trigger
defaults, while defaults could not occur when the Markov chain transits from one state to another
state in Dong et al. (2014) and Dong et al. (2016). Since the conditional default intensities of all the
names in the portfolio go up when the economic state shifts from economic growth to recession in our
model, we can increase the chances of observing a larger number of defaults in the portfolio during
the economic depression. Therefore, the proposed hazard processes can well capture the clustering
phenomena in correlated defaults.

This paper aims at providing a flexible and tractable model for correlated defaults which take into
account the changes in market regimes due to financial crises. Under the proposed model, we can give
analytic formulas for the CDS spreads. The rest of the paper is organized as follows. In section 2, we
introduce a conditionally independent default model, in which the hazard processes are described by
some dependent regime-switching pure jump processes. Section 3 derives the joint Laplace transform of
the hazard processes. Based on the joint Laplace transform, we obtain the joint survival distributions.
Section 4 gives the closed-form formulas for the CDS spread and the spread of the kth-to-default
basket swap. Section 5 presents some numerical results. Finally, Section 6 concludes the paper.

2. The model

In this section, we model the dependent hazard processes within the reduced-form framework under
a Markov environment. Consider a continuous-time model with a finite time horizon 7 = [0,T"],
where T* < oco. Let (2, F,F, P) be a filtered complete probability space, where P is the risk neutral
measure and F := {F;|t € T} is a filtration satisfying the usual conditions of right continuity and
completeness. Throughout the paper, it is assumed that all random variables are well defined on this
probability space and Fr«—measurable.

Assume that there exists a homogeneous Markov chain X := {X;|t € T} with generator Q = (g;;),
describing the macro-economic conditions. The state space of X can be taken to be, without loss
of generality, the set of unit vectors {ej, ez, -+ ,ex}, where ¢; = (0,---,0,1,0,---,0)* € RY with
the symbol * denoting the transpose of a vector or a matrix. Let HX := {H|t € T} is a right-
continuous, P-complete, natural filtration generated by the Markov chain X. Elliott et al. (1994)
provide the following semi-martingale decomposition for X;:

dX, = Q" X,dt + dM,, (2.1)
where M, is an (HX, P)—martingale.
Let (.,.) denote a scalar product in RY, that is, for any x,y € RV, (x,y) = vazl x,;y;. For each

k,j=1,2,---,N,and j # k, let Jj;, := {Jjx(t)|t € T} denote the number of jumps by time ¢ from
state e; to state ey. That is,

Ti() = Y (Xeo e} (KXo, en)

0<s<t

_ /0t<Xs,ej><dXs7ek>

_ /(Xs_,ej><Q*Xs,ek>ds+/ (X,_,e;)(dM., ).
0 0

Then, we have

Talt) = ()= [ (Xei)(Q Xover)ds
= T - [ (Ko,
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is an (HX, P)—martingale.

Assume that the discount factor is given by D(0,t) = exp{— f(f rsds}, where the interest rate r; has
the form

re = r(Xy),. (2:2)
Here r(X;) = (r, X;), where r = (ry,72,--- ,75)* € RN with r; > 0, for each i = 1,2,--- , N.

Consider a portfolio of m credit-risky assets. For each i = 1,2,--- ;m, let 7; denote the default time
of the name i. Define
Dz = 1{7'i§t}7i =1,2,---,m
and denote by the filtration G =: {G|t € T} where G; = G} V G? V ---G", with G} = (D%, s < t).
Assume that F is the enlarged filtration H V G where H := {H;|t € T} is the filtration related to the
underlying risk factors. Let us denote by

S; = P(Ti > t|Ht)

the survival process of 7; with respect to a filtration H. We postulate that S§ = 1 and S > 0 for every
t > 0. Then for each i = 1,2,--- ,m, the H-hazard process A® := {A%(t)|t € T}, is defined by

Al = —log(S}),t > 0.

Now we begin to describe the hazard processes for the default times. For each i = 1,2,--- ,m, the
evolution of the hazard process A* is governed by the following process:

A;’:/ xds+z Z wh Ju(t), teT, (2.3)

J=11=1,l#j

where the constants wj-l #0, for j,1=1,2,--- ,N,l # j, and the process A’ := {\i|t € T} is modelled
by:

t : . . .
N = /\i(Xt)+/ e =g N(X) + L, teT. (2.4)
0

Here, N'(X;) = (A%, X;), where A = (A" A2 ... AN)* € RN with AW > 0 fori = 1,2, ,m,j =
1,---,N;a’ > 0is a constant; and
N}+N?

> Y
j=1

is a regime-switching compound Poisson process, where N/ is a regime-switching Poisson process with
intensity ju(s) = (u, Xs) for a positive vector p; = (uf, -+, uV)*, for each I = 0,1,2,--- ,m; Y, is
the size of the nth jump. Given 3%, it is assumed that N2, N} --- | N/® are mutually independent,
and that {le,j =1,2,---},- {Y/",j = 1,2,--- } are mutually independent and independent of
NO(t),---,N™(t). Furthermore, given the path of the Markov chain X, we assume that for each
i=1,2,--- ,m, the jump sizes in, j=1,2,--- have a common conditional density f; concentrated

n (0,00), where f{(.) = (f(.), X;), for a vector £i(.) = (f(.), -, fN())*.

Remark 2.1  Although X\, in (2.3) jumps upward for each i = 1,2,--- m, Al can take negative

values with positive probability since the constants w}l,j,l =1,---,N,j #1,i =1,--- ,m are not
N N

necessarily non-negative. However, in practical applications, the absolute value of >, > w} o T (t)
J=11=1,l#j

is usually much smaller than the value of fot Aids, so that the probability A% takes negative values can

be considered negligible. This is because the values of w;-l,j,l =1,--- ,N,j#Li=1,---,m are small,
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and a lot of empirical results show that the regime with low-default rate is usually very persistent. See
for example, the empirical results presented in Giesecke et al. (2011) show that being in the regime
with mid-default rate is an event that occurs roughly every decade, on average, while being in the
regime with high-default rate occurs about every fifty years, on average.

Note that, for each i = 1,--- ,m, L' = {L{| € T} is a mean-reverting regime-switching Markov
process, and it solves the stochastic differential equation

dL} = —a'Lidt +dJ}, Ly =0. (2.5)

If there is no regime switching, then L! follows a shot noise process. In the literature, the shot noise
processes are good tools for describing the arrival intensities as they allow for explicit solutions to
many important quantities in derivative pricing. For example, Gaspar and Schmidt (2010) consider a
multivariate default model driven by the shot noise processes and show that the shot noise processes
can describe historical data very well and give a better fit in calibration than the affine jump-diffusion
models proposed by Duffie and Garleanu (2001). As is pointed out by Dassios and Jang (2003),
the shot noise process measures the frequency, magnitude and time period needed to go back to the
previous level of intensity immediately after shock events occur. This paper extends the shot noise
process to a regime-switching version. Intuitively, the hazard process of a firm depends on a firm
specific term and some common factors. The processes A}, --- , A given by (2.4) which are driven
by a multivariate regime-switching shot noise process with common jumps capture the impacts of
idiosyncratic and common factors on the hazard processes.

We can see that the hazard processes jump whenever a transition of the Markov chain occurs.
Intuitively, if the chain jumps from a state of economic growth to a state of economic recession, this
systematic risk may cause the conditional default intensity of all the firms to go up. Therefore, the
default dependence modelled by (2.3)-(2.4) stems from the Markov chain X and the common jumps
inL{i=1,2,---,m.

Let HL' := {H,; It € T} be the right continuous and P—complete, natural filtration generated by
L, for each i = 1,2,--- ,m. Then for each t € T, H; is the enlarged o—field H;* Vv ’HtLl Vo VHET.

Assume the default times 71,7, - , T, are mutually conditionally independent given H, that is, for
anyo <t ST7Z: 1727"' s

s

P(ry > t1,m > tg, - ;T > t|Hr) = P(1; > t;|Hr)

.
Il
_

e (2.6)

I
AES

@
Il
-

Therefore, in order to derive the joint survival probability, we shall give the conditional joint Laplace
transform of Al,i=1,--- ,m.

3. Laplace transforms and survival distributions

In this section, we shall derive explicit formulas for the marginal and joint survival probabilities.

For ¢ >0,i=0,1,---,m, let
- ftT rsds—i ci(Ai —Ai)
V(t,T) = E|e ST U X M
T m . . . N N m . .
TP+ 3 FAX) L ds =S > 35 el (i (T) =T (1)
— e i=1 j=1k=1k#ji=1 XT"Ht



Since (X, L} -+, L7)* is an (m + 1)—dimensional Markov process with respect to H;, we have

—c° tTrsdsfi cH(AL—AY) .
v = Ble ST XL i =1, m, X,

= 0tT,L},--- L, X,).

Write
92‘ = G(t,T,L%’ 7L;”’ei>7i = 1727... ,N,
and write
0: (91’927... ’QN)* c RN

The following result gives the explicit expression for (¢, T, L},--- , L™, Xy).

To make the following derivations mathematically rigorous, we shall impose the following integra-
bility conditions:

—c fT 7'5ds—§: AL
1. F l|e 0 = X | < oo

2. E[0(t, T, 1%, - '+ Y% - 1™ 2) — 6] < oo for each i = 1,2,--- ,m;
SEO# T, +Y o P+ Yl o Im Y™ 1) — 0] < o0;

T —c° fot ’l“sd87z/ ci(A%fAi)

4. FE [fo e i=1 ||6¢]|2dt| < oo with the norm ||.|| on RY defined by

I¢]] = ¢*[diag(QX:) — diag(X;)Q" — Qdiag(Xy)]¢,

where diag(x) is a diagonal matrix with diagonal entries given by the vector x.

Theorem 3.1. Forc' >0,i=0,1,---,m, we have
- TX”: Bl(th)Ll
V(t,T)=e = Wy (8, T), Xy), (3.1)
where Bi(t,T) = —c'(1 — e*“i(T*t))/ai, fori=1,--- m, and ¥1(t,T) is the fundamental matriz
solution of
dqjl(ta T)

o QMWL T) =0,y (1,T) = 1.

Here 1 is an N x N identity matriz and Q(t) = (Gi;(t)) is an N x N matriz:

i -l
Gi(t) = aye = TLi#],
m
= qi+Gi—r — Z i =g,
=1
with
m o0 ! m o0 l
G; = ZM/ P D7 fli(@)de — 1) + uB(H/ e D fli(z)de 1)
=1 0 =170
Furthermore,
—® [T rods— in: (A5 —AD) - i”: B'(t.T)L;
E e ‘ = [He| =€ =2 (W1 (t, 7)1, Xy),, (3:2)




where 1 = (1,1,--- ,1)* € RN.

Proof. We use the martingale approach to derive (3.1). For notational convenience, denote by
0, =0(t, T, L}, -+, L, X;). Consider the function

V(t,T) = Utﬁt,
where

t m
U, = exp(f/ Ar(X,)ds — ZczAi)
0 i=1

Applying Ito’s differentiation rule to V (¢, T yields

AV, T) = U, db; + 6, dU, + d[U, 0]

0 o Ui . .
= Uiz - ; a'Lj )00t + Uy ; ((91t — O, T, L}, LI, ,L;”,Xt))dNt’
+ U, ((0t O, T, LY, L, ,L"i,Xt))dNO
+ Up (6,Q" Xo)dt + Up- (6,dMy) — (r(X,) + Z o)+ LL) ) Up- Oyt

- 3w
+ 9,57 Utf Z ]‘{Xt—:5j7Xt:€k}(e i=1 N — 1)
JF#k
- g: Ci“’;k
+ Ut_ Z 1{Xt7 :ej7Xt:€k}(e =t - 1)(0t - et_)a
i#k

where {[U, 0]:|t € T} is the optional covariation of the processes {Ui|t € T} and {6:|t € T}.

As is pointed out in Remark 2.1, in practical applications, for each i = 1,2,--- ,m, the probability

A} takes negative values can be considered negligible since the absolute value of Z” Zl:¢ wy Jj(t)
J=11=1,1#]

is usually much smaller than the value of fot Aids. Therefore, |V (t,T)] < 1 and then V(¢,T) is a

bounded (H, P)—martingale. Furthermore, from the above integrability conditions, we can conclude

that the bounded variation terms, which are not martingales, must sum to zero:

a m
— — lll—l— X Oy x) + cl (t, T, 0 - 1™, x)
(B S o

Y W )BT Y I ) — 6]

+(u?, >E[0(thl+Y1 Y lm+Ym,x)70t]

m

— Z c;w
+(6,Q%x +21{Xt a1 > Gk(e = — D)0, T, - ™ k) =0. (3.3)
J#k

Due to the affine structure of L:, motivated by Duffie et al. (2003), we try the solution

S B, (,T)1
o(t, T, 1*,--- 1™, z) = ei; C(t,T,x), (3.4)

where the terminal conditions are given by

B,{(T,T)=0,C(T,T,z) =«



Write
C(t7T) = (C(taTael)a U 7C(taTa eN))*'

Substituting the solution for 6 given by (3.4) into (3.3) gives

B, . 4
aat — a’BZ—(t, T) —c = 0, Bl(T, T) = O, (35)
and
8Ct,T,€' " iNid T > . pid
P e ey~ ory = SN 4 ([T [ B0 ) - 1)
i=1 i=1
+ Z/ ,ug (eBi(t,T)yi _ 1)flj (yz)dyz) + Z ij(e i=1 e l)C(t,T, ek) =0,
i=170 k=1,k#j
(3.6)
with
C'(T,T,ej) = €j,j = 1,2,"' ,N.
From (3.5), it is easy to obtain that
B, T) = —c'(1 — e T=1) /4.
It remains to prove that there exists a unique solution of (3.6). We can rewrite (3.6) as
oCc(t,T) ~
20T | gucn ) =0.0m ) =1
Let W(t,T) denote the fundamental matrix solution of
(3.7)

% OV T) = 0,9(T,T) = 1.

Since Q(t) is continuous, there exists a unique solution of (3.7) over the finite time interval 7. Hence,

C(tv Ta x) = <\I}<ta T)v Xt>

Eq. (3.2) holds since

— ST Or(Xa)ds— 35 ¢ (A=A}
E e ft cr S = T |Ht‘|
- tT cor(Xs)ds—i cH(AL—AY)
_ gl =0T T Xy, 1>|Ht] .
Remark 3.1 Ifweletc® =1 and ¢ =0 for each i =1,--- ,m in Theorem 3.1, then we have
E[e_ ftT rsdsXTlXt] — <6(Q—diag(r))(T—t)’)(t>7
and
(3.9)

E[€7 ftT TSdS‘Xt] = <6(Q7diag(r))(T*t)1’Xt>7



where diag(T) is a diagonal matriz with diagonal entries given by the vectorr. (3.8) and (5.9) are the
same as the results given by LemmaAl in Buffington and Elliott (2002).0

The following two results are direct consequences of Theorem 3.1.

Corollary 3.1. Foreachl=1,2,--- ,m and any 0 < t < T, the survival distribution for 7 is given
by

P(1, > t) = (U5(0,1)1, Xo), (3.10)
where Wh(s,t) is the fundamental matriz solution of

dWl(s,t)

222 1 ()W (s,1) = 0, W(t, 1) = L

—l . .
Here Q (s) is an N x N matriz:
_ b
T;(s) = aqye i, i# g,
—l » .
= qi+G, -\ i=j

where

i i i * Blst)e pli
Gs=<ul+u0></0 B 07 i () d — 1), (3.11)

—_ —al(t—s
with Bl(s,t) = _l=et2 (79

p
|

Denote by S the collection of all the nonempty subsets of the set {1,---,n}. The following result
gives explicit formulas for the joint survival distributions of the default times.

Corollary 3.2.  For each s € S and any 0 <t < T, we have
P(( {7 > t}) = (¥5(0,)1, Xo), (3.12)
JEs
where U§(v,t) is the fundamental matriz solution of

MO0 L G wywse ) = 0, w30 =1

Here Q°(v) is an N x N matriz:

-w
T(0) = qge = Ti#],
= qi+Gy =Y Ni=j

les

where

o ) ok ) ) K )
il =2 mi / e 07 R () da 1) + ([ / P07 M (@) de — 1), (3.13)

keEs keEs
with Ek(v,t) given in Corollary 3.1.
In particular, for any 0 <t < T, the joint survival distribution for T, , T, 1s given by

P(ry >t o>t T > 1) = (04(0,8)1, Xo), (3.14)



where Wy(s,t) is the fundamental matriz solution of

d%;i(:’t) +Q(v)Wa(v,t) = 0,Wy(t,t) = L

Here Q(v) is an N x N matriz:

. -2
Gij(v) = gqye =

Y,

m

= qi+GL=) M=},
=1

with
oo
0

sz} _ Zuz(/ eEk(v,t)wfki(x)dx — 1)+ M%J(H / eEk(v,t)wfki(l,)dx —1). (3.15)
k=1 k=10

4. CDS and kth-to-default basket swap

In this section, we will investigate the pricing of the fair spreads of a single-name credit default swap
and a kth-to-default basket swap.

4.1. Single-name credit default swap

In this subsection, we shall give the formula for the spread of a single CDS contract under our
proposed regime-switching hazard process model.

A credit default swap (CDS) is a financial swap agreement between the buyer of the default protection
on a reference risky entity and the seller of the default protection. The protection seller receives fixed
periodic payments (CDS premium) from the protection buyer, in return for compensating the buyer’s
losses on the reference entity when a credit event occurs. This subsection focuses on valuing a single-
name CDS contract on name 4. Assume the default time of name i has the hazard process A? modelled
by (2.3). Consider a unit notional with the maturity 7' and a constant recovery R. The protection
buyer pays an annualized premium to the protection seller before maturity 1" at specified time points
0=ty <t < - <ty <T, with At; =t; —t;_1. As soon as name i has defaulted, the protection
buyer stops further premium payments and the protection seller is committed to paying the insurance
buyer the default compensation 1 — R, where R is the constant recovery rate.

We first describe the cash flows of a CDS on name 4. The cash flows of a CDS are as follows:
Default leg: the protection seller covers the credit losses 1 — R as soon as name ¢ has defaulted;

Premium leg: the protection buyer pays s; Aty to the seller, at each date tx,k = 1,--- , M until
maturity or until name 4 defaults before maturity.

Then, the CDS spread on name i, s;, is determined so that the discounted payoff of the two legs
are equal when the contract is settled at the initial time. More precisely, the CDS spread s; should
satisfy

M M
t t
siB)> e LN R ¢ R)E[Y "e” Jotruduy e ciy)-
=1 =1
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Hence,

M t
(1=R)E[Y e o' vty ooy
5 = =1 ) (4.1)

M t
E[IZ:I e~ Jo! Tud“Atll{n>tl}]

Proposition 4.1 The spread of the single-name CDS on name i, s;, is given by

M

ShBy - B
At P
=1
where
Plil = <\iﬂ(0a tl—l)(e(Qidiag(r))Atll)aX0>7
and

inl = <\ijl(07tl)17X0>
Here Wi(u,t) is the fundamental matriz solution of

AV (u,t)

-+ O (w) Wi (u, t) = 0, Wi(t,t) = 1. (4.3)

where O (u) = (okj(u)) is an N x N matriz:

O () = que ki k# ],
= g+ Gy — 1 — N k=,

with éik defined in (3.11).

Proof. We first calculate the discounted payoff. Using the “tower property” of conditional expec-
tation, we have
_ru _rtu
BlemJoim®iy, | rcy] = Ble o M PGy <7y < ti[Hy,)]
= (Pl = Py),

where

dqu:’lil]

~ . _ ftl r
Pjy=Ele o
and . v
Pl = Ble” Jo' rudu=2y,

Therefore, it remains to calculate Pfl and Pzil. Again using the “tower property” of conditional expec-
tation yields

i ot
Pl e i Xy 3, ]

n. _ rti—1
Pi, = E[e
. S Y
= <6(Qfd1ag(r))At1 1,Ele Jo wdu—~Ay, X))
_ <¢/i(0’tl_l)(e(Qfdiag(r))Atll)vXO>,
where the second equality follows from (3.9), and the third equality is a direct consequence of Theorem
3.1.
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The expression for ]321! can be directly obtained from Theorem 3.1,
Py = (U7(0, 1)1, Xo).
The discounted payoff of the premium leg is
— [Ny du — [y do Y]
Ele” o r@ 1, o) = Ele™ o W P(n > 0[#H,)] = Py

Then substituting the expressions for Pfl and Pﬁl into the discounted payoffs of the premium leg and
the default leg, we end the proof. 0

4.2. kth-to-default basket swap

A kth-to-default basket swap, which is a commonly traded product of portfolio credit derivatives, is
a bilateral contract between an insurance buyer and an insurance seller. The payment streams of this
derivative depend on the default times of an underlying portfolio of m credit-risky assets. Assume that
the default dependence structure of the m underlyings is modelled by (2.3). Consider a unit notional
with the maturity 7" and a constant recovery R. The protection buyer pays an annualized premium
to the protection seller before maturity 71" at specified time points 0 = tg < t; < --- < tpr < T, with
At; =t; —t;_1. As soon as k assets of the underlying portfolio have defaulted, the insurance buyer
stops further premium payments and the protection seller is committed to paying the insurance buyer
the default compensation 1 — R, where R is the constant recovery rate.

Now we will introduce the definition of the kth-to-default time. Denote by

Y, = Z 1{7',3>t}
i=1

be the number of names which still be alive at time t. Define the kth-to-default time as
Tk:inf{t:m—YtZk}:inf{t:YtSm—k}.
In particular, the stopping time
={t:V,<m-1}= miin{n}
is called the first-to-default time.

Then the conditional and unconditional distributions of 7% are given by

P(r* <t|H;) = P <m—klH,)
m—k

= > P(Yi=iHy),
1=0

and
m—k
P(r* <t)=P(Y,<m—k)= ) P(¥;=1).
i=0
It is obvious that the distribution of 7% depends on the distribution of Y;. From Giesecke (2003), we
have

m

Poi=ii) = (1) S P> 0w

h=1 sES,|s|=h JEs
m _ A]
= 5 h (71)}171' g e J%:S ’
(3
h=i s€8,|s|=h

12



where the last equality follows from the conditional independence of the default times.

Furthermore, the distribution of Y; is given by

({)eo ¥ O

sES,|s|=h JEs

(o s won

h=i sES,|s|=h
where ¥§(0,t) is given by Corollary 3.2.

Therefore,

and,

m—k m
P(rF<t) = Z Z( h )(—1)h—1’ 2 ‘7h<\ll§(0,t)1,X0>.

Similarly, the conditional survival distribution of 7! is,

m

! _ _oEN
P(T >t‘Ht) —P(Tl > t, s Tm >t|Ht) =e

Furthermore, from Corollary 3.2, it follows that,
P(r' >t) = P(ry > t,-+ 7 > t) = (U4(0,)1, Xo),
where W4(0,t) is defined in Corollary 3.2.

Next, using the conditional distribution of 7%, we will calculate a kth-to-default CDS spread s*. The
cash flows of a kth-to-default CDS are as follows:

Default leg: the protection seller covers the credit losses 1 — R as soon as k assets of the underlying
portfolio have defaulted;

Premium leg: the protection buyer pays s*At; to the seller, at each date ¢;,4 = 1,---, M until
maturity or until £ assets of the underlying portfolio default before maturity.

Then, the kth-to-default CDS spread s* is determined so that the discounted payoff of the two legs
are equal when the contract is settled at the initial time. More precisely, the kth-to-default CDS
spread s* should satisfy

M M

SkE[Z e Jo! T“duﬁtll{Tk>tl}] = (1 — R)E[Z e Jo! T“dul{tl71<7k§tl}}.
=1 =1

Hence,

M .
(1 — R)E[Z e f()l T“dul{tl,1<7k§tl}}
sk = =1 . (4.5)

M t
E[> el T AL sy
=1
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Proposition 4.2  The spread of the kth-to-default CDS, s*. is given by

> B OB(P)eue @)

I=1i=m—k+1h=1 s€S,|s|=h
Sk = Vi m ™ h ) (46)
Son 8 OS(1)eoe £ on
=1 i=m—k+1h=1 sES,|s|=h
where
Pl = (U0, #1-1)(e(@~diastrDAN ) o),
and

Pfi* = (U"°(0,11)1, Xo).
Here Uhs(u,t) is the fundamental matriz solution of

dU"s (u,t)

y + O (u)Whs (u, t) = 0, 0" (¢, 1) = L. (4.7)
U

where O"*(u) = ((NJZ-S (u)) is an N x N matriz:

~h - E wij . .
0 (u) = gqye IFI=Me i g,
—hst )
|s|=h,l€s
with
Ao i > 7utw li 7utm li
G, = Z Mz(/ e fli(x)de — 1) + i ( H / )z (U () da — 1),
l€s,|s|=h 0 l€s,|s|=h

and El(u,t) given in Corollary 3.1.

Proof. The proof is similar to the one of Proposition 4.1. We first calculate the discounted payoff.
Using the “tower property” of conditional expectation and (4.4), we have

Ble ™ Jo' 1y | ricyy) = Ele™ o Pty < 78 <t)|Hy,)]
N ~ ~~( h h—i hs _ phs
=Y S(F)eu X ak e,
i=m—k+1 h=i s€S,|s|=h
where
b 7f0tl rudufv Z B Ailil
Pl = Ble e
and . .
— [t rudu— 3 Ail

chls _ E[e i€s,|s|=h }

Therefore, it remains to calculate PJ'* and PJ]l*. Again using the “tower property” of conditional
expectation yields

tp—1 i
- Jo rydu— > Ay,

Plhls _ E[e i€s,|s|=h [ ftl 1Tvdv‘7'[ \/thfJ]
— llr du— A1
_ sy g PR e

_ <\ijhs(07tl_l)(e(Qfdiag(r))Atll),XO>

)
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where the second equality follows from (3.9), and the third equality is a direct consequence of Theorem
3.1.

The expression for Pl can be directly obtained from Theorem 3.1,
Pi® = (I"*(0,1)1, Xp).
The discounted payoff of the premium leg is

Ele” Jo! T"’dul{‘f'k>tl}} = Ele” Jo' TUva(Tk > tertl)]

_ ¥ i(f)(—l)h—i SR

i=m—k+1 h=i SES,|s|=h

Then substituting the expressions for P/ and Py into the discounted payoffs of the premium leg
and the default leg, we end the proof. 0

Then from Proposition 4.2, we can directly obtain the following result.

Corollary 4.1 The spread of the first-to-default CDS, s', is given by

M
(P — Py)
1 i=1
s =, (4.8)

> At Py

=1
where

Py = (0(0,t,_1) (e Q-8R o),

and

PZl - <(I)(07tl)17X0>
Here ®(u,t) is the fundamental matriz solution of

P | O(wpu,t) = 0,9(t,1) = 1. (49)

where O(u) = (64(u)) is an N x N matriz:

A

~ - wi; .
0ij(u) = qye =V i,

m

= Qii+éz_ri_z)‘liai:j7
=1

with Gi, defined in (3.15).

5. Numerical results

In this section, we carry out a numerical study to examine the impact of some model parameters on
the spreads of the CDS.

For the simplicity of computation, we consider a single-name CDS and the first-to-default spread
of a homogenous portfolio of m = 10 credit-risky assets. We set At; = %. Following Giesecke et al.

15



(2011), we consider N = 3; that is, X has three states, where state e, state es, and state ez represent
a “good” economy, a “moderate” economy, and a “bad” economy, respectively. Also, the generator of
the Markov chain can be borrowed from Giesecke et al. (2011). We set

—0.10474 0.08865 0.01609
Q= 0.84799  —0.848  0.00001
0.69561  0.00001 —0.69562

As is reported in Giesecke et al. (2011), we set A! = (0.00741,0.004261,0.11137)*. Generally speaking,
the main features of the financial market in a “bad (“good) economy are high (low) default probability
and low (high) interest rate. Hence, we set r = (0.05,0.03,0.01)*, p; = po = (1,3,5)*, and f; is
given by

FH(x) = 200062097 5 > 0; f12(x) = 1000197 & > 0; f13(2) = 5007z > 0.

Let wio = —wg1 = wag = —w3e = w, w13 = —w3z; = 2w. In order to investigate the impact of the
jumps of the Markov chain on the spread, we shall study the relationship between the spread and the
parameter w. We also study how the exponential decay rate a impacts the spread.

Figure 1 plots the term structure of the spread s; for w = 0.01 and w = 0, respectively. We can see
from it that the spread s; for w = 0.01 is larger than the one for w = 0 when we start at a “good”
economy. This is because when a “good” economy switches to a “moderate” or a “bad” economy, the
hazard process corresponding to w = 0.01 will increase by a positive amount, which leads to a larger
default probability and therefore a larger spread. On the contrary, if we start at a “moderate” or a
“bad” economy, the spread s; for w = 0.01 is smaller than the one for w = 0, since a transition from a
“moderate” or a “bad” economy to a “good” economy will cause the hazard process corresponding to
case of w = 0.01 to jump downward by a positive amount, which implies a smaller default probability
and therefore a lower spread. We can also see that the difference between the spreads is very small
when we start at a “good” economy, while it is very large when we start at a “moderate” or a “bad”
economy. As is pointed out by Giesecke et al. (2011), the regime e; is very persistent and the other
two regimes are much less persistent. Therefore, if we start at e;, then the probability of migrating
to eg or eg is very small, while if we start at e or es, then the probability of migrating to ey is very
large.

550 T T T T T T T T 220 T
s00| — — —w=0.01X =e, 200 - ’io;zl 1
- = W:O.Ol,)(o:e2 [ 07 )
4501 we00LXj"e, 180l el
000 o w=0, X me,
—— w=0, X0=ez 160

350 w=0, XO:e3 10l

éﬂ 300 3

o \ @ 120
250 ~ -

T 100} -
2000 —_— T s
150F T\\** - 1 L .
100} . f’f’i‘**:*:ﬁfjjﬁiﬁt—,? 60 Tr~l
/k<+_7?,<#r,+-~+——+—v+4v+~v+‘— N
50 : . : . . : . . 40 . . ; . ; . . ;
1 2 3 4 5 6 7 8 9 10 0 001 0.02 003 0.04 005 006 007 008 0.09
t w
Figure 1: Relationship between s; and Figure 2: Relationship between s; and
t, fora=1 w with a = 1,T = 10.

Figure 2 presents the relationship between s; and w for a fixed maturity 7' = 10. From it we can
see the spread s; decreases with w when we start from Xy = ey or Xy = e3. This is because from
the generator of the Markov chain, we can conclude that if we start from Xy = es, (Xo = e3) then
the probability of switching to e; is much larger than the probability of switching to e3(es) or staying
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Figure 3: Relationship between s; and Figure 4: Relationship between s' and
a with w = 0.01, 7 = 10. w with ¢ = 0.5, = 5.
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Figure 5: Relationship between s and Figure 6: Relationship between s' and

w with ¢ = 0.5,T = 5. w with ¢ = 0.5,T = 5.
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ea(e3). Therefore, a larger value of w will cause an increasing number of downward jumps in the
hazard process, and therefore a smaller value of the hazard process. We can also see that although s;
increases with w when we start from Xy = e, it does not change much. This is because the regime
ey is very persistent and then the probability of switching to the other two regimes is very small.

Figure 3 illustrates the relationship between the spread s; and a for a fixed maturity 7' = 10. We
can observe that s; decreases with a. This is because a larger decay rate a implies a shorter time
period needed to go back to the previous level of A\i immediately after shock events occur. That is to
say the value of \! decreases with a, which leads to a smaller value of hazard process and a smaller
spread.

Figure 4 plots the term structure of the spread s' for w = 0.01 and w = 0, respectively. Figures
5-6 present the impacts of the parameters w and a on the first-to-default basket swap spread. From
them, we can see that the curves are similar to those of Figures 1-3, and the first-to-default basket
swap spread is much higher than the spread for a single CDS sy, which is consistent with the the
stylized features and the financial intuition. The above numerical results illustrate that if we ignore
the jumps driven by the transition between regimes in the hazard process, we may underprice the
credit derivatives in a “good” economy and overprice them in a “moderate” or a “bad” economy.
Especially, when we start at a “moderate” or a “bad” economy, the prices of the credit derivatives
will be seriously overpriced.

6. Concluding remarks

In this paper, we use a conditionally independent approach to analyze a single-name CDS contract
and a kth-to-default basket swap. Our study contributes to the credit risk literature by by providing
a correlated default model that incorporates both macroeconomic risks and firm-specific jump risks.
The hazard processes are modelled by some regime-switching pure jump processes, in which not only
the model parameters may switch but also the hazard processes may jump whenever transitions in
the Markov chain occur. A key feature of our regime-switching model is that the defaults can be
triggered by the jumps of the Markov chain. Furthermore, if the Markov chain jumps from a state of
economic growth to a state of recession, this may lead the conditional default intensity of all the firms
to go up, increasing the chances of observing a larger number of defaults in the portfolio. Therefore,
the proposed hazard processes can well capture the clustering phenomena in correlated defaults.

The default dependence structure we construct stems from three sources. First, the hazard processes
of the two firms are both affected by a Markov chain, which describes the impact of the market
regimes on the the default probability. Second, default dependence arises from common jumps in the
processes A! modelled by a regime-switching compound Poisson process, which models the impact
of some common factors other than market regimes on the default probability. Finally, dependent
structure arises from conditional independence. We give the joint Laplace transform of the hazard
processes via a martingale method. Based on the Laplace transform, we can calculate the CDS spread
and the kth-to-default basket swap spread. Numerical results illustrate that ignoring the jumps driven
by the regime switches will lead to underpricing or overpricing the credit derivatives.

Since the model is still numerically tractable and the number of parameters of the model is flexible,
it will be suitable for many applications in the field of risk management and actuarial applications.
See for example, we can consider a dependent mortality structure by using a similar regime-switching
model. An interesting open problem is the estimation of the model from market data.
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